The time-dependent differential equations of elastodynamics for homogeneous solids with a general structure of anisotropy are considered in the paper. A new method of computation of the fundamental solution for these equations is proposed. This method consists of the following. Applying the Fourier transformation with respect to space variables to these equations, we obtain a system of second order ordinary differential equations whose coefficients depend on Fourier parameters. Using the matrix transformations and properties of the coefficients, the Fourier image of the fundamental solution is computed. Finally, the fundamental solution is calculated by the inverse Fourier transformation to the obtained Fourier transform. The implementation and justification of the suggested method have been made by computational experiments in MATLAB. These experiments confirm the robustness of the suggested method. The visualization of the displacement components in general homogeneous anisotropic solids by modern computer tools allows us to see and evaluate the dependence between the structure of solids and the behavior of the displacement field. Our method allows users to observe the elastic wave propagation, arising from pulse point forces of the form e m d(x)d(t), in monoclinic, triclinic and other anisotropic solids.
Introduction
Many applied problems of structural mechanics, geophysics, material sciences are closely related to study of the wave propagation in anisotropic elastic materials and media, arising from impulsive loadings and forces located at one or several points (see, for example, Aki and Richards, 1980; Carcione, 2001; Ting et al., 1990; Ting, 1996; Harada and Sasahara, 2009; Hachemi et al., 2008; Dieulesaint and Royer, 1980; Freund, 1998; Fedorov, 1968) . The behavior of the wave processes essentially depends on properties of materials and media (density and elastic moduli). It can be noted, that the forms of wave fronts from the pulse point sources in elastic materials with general structure of anisotropy (monoclinic, triclinic) are not spherical and have very peculiar forms. The computation of the displacement is complicated because the displacements are generalized functions (distributions) (see Vladimirov, 1971 Vladimirov, , 1979 Reed and Simon, 1975; Hormander, 1963) .
The differential equations of anisotropic elastodynamics describe the dynamic processes of the wave phenomena in anisotropic materials and media. The problems of elastodynamics are often stated in the form of computing displacement components at internal points of anisotropic solids. Analytical and numerical methods play the important role in the study of these problems (see, for example, Poruchikov, 1993; Chang and Wu, 2003; Carrer and Mansur, 1999; Sladek et al., 2005; Moosavi and Khelil, 2009; Dauksher and Emery, 2000) . Besides that, fundamental solutions (Green's functions) of equations of elastodynamics are important tools for solving these problems (see for example, Mansur and Loureiro, 2009; Mansur et al., 2007; Soares and Mansur, 2005; Vera-Tudela and Telles, 2005; Rangelov et al., 2005; Rangelov, 2003; Berger and Tewary, 1996; Tewary, 1995; Achenbach, 1994, 1995) .
The existence proofs for fundamental solutions in the spaces of generalized functions for any linear differential equations with constant coefficients were given by Malgrange (1955 Malgrange ( -1956 , Ehrenpreis (1960) and Hormander (1963) . Ignoring here many approaches of finding fundamental solutions for scalar differential equations with constant coefficients, we point out only some of methods for equations of elastodynamics. The analytical computation of the explicit formulae for fundamental solutions in homogeneous isotropic linearly elastic solids offers no difficulty (see, for example, Aki and Richards, 1980; Payton, 1983) . But this is not the case for general homogeneous anisotropic media. The methods of fundamental solutions construction for dynamic equations of linear anisotropic elasticity have been developed by Achenbach (1994, 1995) , Tewary (1995) , Wang et al. (2007) , Khojasteh et al. (2008) , Rangelov et al. (2005) , Rangelov (2003) , Vavrycuk (2001) , Vavrycuk (2002) , Garg et al. (2004) and other authors. The fundamental solutions of anisotropic elasticity mentioned above are either approximations or have complicated mathematical forms, which are difficult to evaluate numerically for general anisotropic media (monoclinic, triclinic). Most of approaches are related with the Fourier-Laplace presentation in a wave-vector-frequency space. In this case the inverse FourierLaplace representation for the fundamental solutions requires 4D integration over functions with singularities. The oscillatory nature of the Fourier-Laplace representation of fundamental solutions and calculation of the principal value at the singularities create computational difficulties.
An interesting approach for finding fundamental solutions by the Radon transform for 3D and 2D time-domain elastodynamics has been suggested by Wang and Achenbach (1994) . They found fundamental solutions in the form of a surface integral over a unit sphere for a 3D case. Physically, the integral can be interpreted as a superposition of plane waves, propagating in all directions. The resulting expression has a complicated form containing integration over the slowness surface. The presentation of a fundamental solution as an integral over slowness surfaces dates back to Burridge et al. (1993) . We note that for some anisotropic materials (cubic, transversely isotropic) fundamental solutions can be evaluated numerically using this approach (see Wang and Achenbach, 1994) , but not for the case of general homogeneous anisotropic solids with monoclinic and triclinic structures of anisotropy, because slowness surfaces are complicated.
In the paper Tewary (1995) , the formula for the time-dependent fundamental solution in three dimensional anisotropic elastic infinite solids has been derived by the Radon transform and solving the Christoffel equation in terms of the delta function. Computational advantages of this method are the following: it does not require integration over frequency; the integration is made over two of three variables. But the numerical realization of this method for general (triclinic, monoclinic, etc.) anisotropic elastic solids is questionable, because it is not clear how to compute the weight function in the obtained Radon representation.
The numerical computation of fundamental solutions for general linear equations of elastodynamics with three space and one time variables has been obtained only for particular cases of anisotropy such as cubic, isotropic, transversely isotropic, orthotropic structures Achenbach, 1994, 1995; Tewary, 1995; Yang et al., 2004; Rangelov, 2003; Kocak and Yildirim, 2009; Khojasteh et al., 2008) . The complete numerical computation of fundamental solutions in such anisotropic elastic media as trigonal, monoclinic, triclinic has not been done so far. The problem of the fundamental solution calculation for equations of elastodynamics with the general structure of anisotropy is rather complicated. The complexity depends on the characteristics of material media (density and elastic moduli) and boundary conditions. In the case of a free-space the boundaries are not present. However, even with this simplification, the numerical computation of fundamental solutions for general anisotropic media was not known till the last decade.
In the latest paper of Yakhno and Cerdik Yaslan (2011) the equations of elastodynamics have been written in the form of the symmetric hyperbolic system of the first order relative to the components of the speed of the displacement and stresses. The problem of finding the approximate speed of displacement and stresses, arising from the directional pulse point force in anisotropic media, has been formulated. The authors have suggested a method of calculation of the components of the speed of the displacement and stresses by solving this hyperbolic system.The fundamental solution of this hyperbolic system has been computed. Using this fundamental solution, the components of the fundamental solution of the original second order equations of elastodynamics have been calculated by additional integration with respect to the time variable. The empirical comparison of the results with explicit formulae of isotropic materials has demonstrated meaningfulness of the approach.
Unfortunately, this system has contained nine coupled equations, that made the procedure of calculation of the fundamental solution cumbersome, and together with additional integration, led to the loss of accuracy in numerical calculations. To overcome these difficulties the authors have worked out a new method for the direct calculation of the displacement from original second order equations of elastodynamics, which is described in the present paper.
This method consists in the following: the second order equations of elastodynamics have been written in terms of the Fourier transform with respect to the space variables as a system of the ordinary differential equations of the second order with coefficients depending on the Fourier parameters. The solution of the obtained system has been derived by the matrix transformations and technique of the ordinary differential equations. After that the inverse Fourier transformation has been applied numerically to this solution.
This method has the advantage of simplicity of its numerical realization for general homogeneous anisotropic solids with monoclinic and triclinic structures of anisotropy as well as numerical computation of the displacement fields, arising from pulse point forces in these anisotropic solids. Moreover, using our method, a visualization of the behavior of elastic fields, arising from pulse point forces in monoclinic and triclinic anisotropic solids has been made. As a result, new knowledge about forms of fronts of elastic waves in Sodium Thiosulfate with monoclinic and Copper Sulphate Pentahydrate with triclinic structures of anisotropy has been obtained.
The paper is organized as follows. In Section 2 the equations of elastodynamics for linear anisotropic solids are written in the form of a vector second order partial differential equation and the timedependent FS of equations of elastodynamics is defined by means of this vector equation. The derivation of a formula for an arbitrary column of the FS is given in Section 3. Justification of our method and computational experiments are described in Section 4.
The fundamental solution of equations of linear anisotropic elastodynamics
Let x = (x 1 , x 2 , x 3 ) 2 R 3 be a space variable, t 2 R be a time variable. Let us consider an unbounded, homogeneous anisotropic linearly elastic solid in the Cartesian coordinate system x = (x 1 , x 2 , x 3 ).
The solid is defined by the mass density q > 0 and the elastic constants C ijkl , i, j, k, l = 1, 2, 3, which are fully symmetric and positive definite, i.e.
and X 3 i;j;k;l¼1
for any non-zero real symmetric tensor e ij . Let u(x, t) = (u 1 (x, t), u 2 (x, t), u 3 (x, t)) be the displacement vector; r ij (x, t) be the stresses defined by r ij ðx; tÞ ¼
The dynamical model of the elastic wave propagation in the considered anisotropic media, arising from the force g(x, t) = (g 1 (x, t), g 2 (x, t), g 3 (x, t)), is given by the following motion equations (see, for example, Aki and Richards, 1980; Dieulesaint and Royer, 1980; Fedorov, 1968) A jl @ 2 uðx; tÞ
where A jl j, l = 1, 2, 3 are matrices defined by (5) 
It can be noted that the problem of determination of a generalized function, satisfying the time-dependent partial differential equations, for example (7) subject to a causality condition (8), is very often called the generalized Cauchy problem (see, for example, Vladimirov, 1971, pp. 172-178) . If f(t) = d(t) then the causality condition (8) is one of necessary conditions to define the timedependent fundamental solution (Green's function) for the hyperbolic equation (7) (see, for example, Barton, 1991, pp. 262-290) The time-dependent fundamental solution of equations of linear anisotropic elastodynamics is defined as a matrix Gðx; tÞ of the order 3 Â 3 whose columns G m ðx; tÞ ¼ ðG (7) and (8) is the main focus of this paper.
3. Computation of the solution of the generalized Cauchy problem (7) and (8) The method consists of the following. In the first step Eqs. (7) and (8) are written in terms of the Fourier transform with respect to x 2 R 3 . In the second step, a solution of the obtained initial value problem is derived by matrix transformations and the ordinary differential equations technique. In the last step, the solution of (7) and (8) is found by the inverse Fourier transformation.
3.1. Eqs. (7) and (8) where i 2 = À1, j = 1, 2, 3,
Eqs. (7) and (8) can be written in terms ofũ m ðm; tÞ as follows
where matrices A jl are defined by (6).
3.2. Derivation of the solution of (9) and (10) The solution of (9) and (10) for m 1 = 0, m 2 = 0, m 3 = 0 is given bỹ u m ð0; tÞ ¼ hðtÞ
where h(t) is the Heaviside function, i.e. h(t) = 1 for t P 0 and h(t) = 0 for t < 0.
For m -0, using the symmetry and positivity of elastic constants C ijkl (see conditions (1)), we obtain that the matrix A(m), defined by (11), is symmetric positive definite. For the given matrix A(m) we construct an orthogonal matrix T ðmÞ and a diagonal matrix 
where T Ã ðmÞ is the transposed matrix to T ðmÞ. Let T ðmÞ and D(m) = diag (d k (m), k = 1, 2, 3) be constructed. The solution of (9) and (10) (14) into (9) and (10) and then multiplying the obtained equations by T Ã ðmÞ and from (13), we find
Using the standard technique (see, for example, Vladimirov, 1971, p. 147) , we derive the solution of the generalized Cauchy problem (15) and (16) 
Finally, a solution of (9) and (10) is determined by (12), (14) and (17).
The formula of the Fourier transform of the fundamental solution
The 
3.4. Formulae for the solution of (9) and (10) When the Fourier transform of the fundamental solution is calculated, it becomes possible to apply the inverse Fourier transformation in a sense of tempered distributions. Such approach can be found in the books Vladimirov (1971) and Hormander (1963) . Letũ m ðm; tÞ be the solution of (9) and (10) defined by (12), (14) and (17). The solution u m (x, t) of (7) and (8) 
Taking into account that the components of the vector function u m (x, t) as well as the components of vector functionsũ m ðm; tÞ have real values, the imaginary part of the right hand side of (23) is equal to zero. As a result, we find the following formula for the solution of (9) and (10) from (23): u m ðx; tÞ ¼ hðtÞ
Using the similar reasonings and formulae (20) and (21) we obtain the formula for mth column of the fundamental solution G m ðx; tÞ ¼ hðtÞ
where e G m ðm; tÞ is defined by (20)- (22). It can be noted, that the integrals (24) and (25) can not be calculated by symbolic transformations for the general anisotropic media.
Numerical computation of 3D inverse Fourier transformation
The computation of the 3D integrals (24) and (25) has been done numerically over a bounded domain (ÀA, A) Â (ÀA, A) Â (ÀA, A), where A > 0 is a parameter. As a result, we have got a regularized (approximate) solution of the fundamental solution with the parameter of regularization A. This solution approaches the fundamental solution as the parameter A tends to 1 in the sense of tempered distributions (see Vladimirov, 1971; Hormander, 1963) .
To select the parameter A, we have used the explicit formula of the fundamental solution of isotropic elastodynamics.
The explicit formula of the fundamental solution of equations of isotropic elastodynamics is well known (see, for example, Aki and Richards, 1980) . For example, components of the first column of the fundamental solution can be written in the form
These formulae contain singular terms dðC T t À jxjÞ=ð4pC 2 T qjxjÞ and
2 L qjxjÞ. The supports of these singular terms are the characteristic cones tC T = jxj and tC L = jxj in the space of variables x 1 , x 2 , x 3 , t. Usually the classical functions are defined by the point-wise manner and we can draw their graphs. Unfortunately, this point-wise definition and its graphic presentation is not adequate to singular generalized functions (Vladimirov, 1979; Vladimirov, 1971; Reed and Simon, 1975) . For this reason they are very often replaced by regularized functions which are classical and have graphic presentations. This regularization has a parameter of the regularization and the singular generalized function is a limit in the sense of the generalized functions space, when the parameter of this regularization tends to +1 (or +0 
We know that (see Vladimirov, 1979) lim where N is a natural number for which A = NDm and real numbers A and Dm have been chosen from empirical observations and natural logic. Namely, using the obtained integral sums we compute the values of h A (x, t) for Dm 
Computational experiments: implementation and justification
For validation of the method the different types of computational experiments have been implemented. First, we have compared the results of calculation of the Fourier transform with the values obtained from the explicit formulae for the isotropic material and anisotropic one with cubic structure. The second type of experiments compares the calculated values of the displacement vectors with values, obtained by the method of Wang and Achenbach (1994) , as well as with values obtained from the explicit formulae for the isotropic material Silica (SiO 2 ), derived by Aki and Richards (1980) . The last group of experiments calculates and draws the images of the wave propagation in materials with the general structure of anisotropy.
Comparison of the Fourier transforms
The fundamental solution is a singular generalized function (distribution) with a compact support for a fixed time variable. Physically it means that the perturbation from the pulse point force propagates in a bounded domain of isotropic or anisotropic indefinite solids for a fixed time and therefore there is a quiet in all points outside this bounded domain.
The accuracy of the approximation of the fundamental solutions of the time-dependent equations of elastodynamics can not be quantified in principle, because the concepts of norm and metric are not defined in the space of generalized functions (see Vladimirov, 1979) . Using the Paley-Wiener theorem (see, for example, Reed and Simon, 1975) we obtain that the Fourier transform of the fundamental solution with respect to space variables is an analytic function of the Fourier parameters for the bounded time interval. That is why it becomes possible to evaluate the accuracy of the approximation of the Fourier transform of the fundamental solution.
For the comparison we have considered two materials with explicit formulae for the Fourier transform of their fundamental solutions. The first one is the isotropic material, the second oneanisotropic with the cubic structure.
Isotropic material
We have considered the isotropic material silica (SiO 2 ) characterized by the density q = 2. 
Anisotropic material of the cubic structure
In this section we consider the material Gold, which has the cubic crystalline structure. This material is characterized by the . Let u m (x, t) be the mth column of the fundamental solution for this medium. We note that u m (x, t) has to satisfy (7) and (8). Applying the Fourier transform with respect to x = (x 1 , x 2 , x 3 ) 2 R 3 to (7) and (8) The solution of (33) and (34) can be found in the form
where Q is a nonsingular matrix diagonalizing R, i.e. Q
À Á is a vector function, whose components are defined by
Using (35) and (36) Tables 2 and 3 for different values of h and u. The values of f u 3 3 and e G 3 3 computed by formula (35) and (36) and our method are almost the same (difference between values is less or equal to 10 À16 ).
Comparison of the values of the displacements
In this Section we describe the computational experiments, which confirm the correctness of our method. For the numerical computation of (24) and (25) )) similar to Wang and Achenbach (1994) and Payton (1983) . Using formula (24) and our method, we have computed u 3 (x, t) for f ðtÞ ¼ hðtÞt 2 expðÀ3t 2 Þ: ð37Þ Table 3 The accuracy of computing e G 3 3 ðr cos u sin h; r sin u sin h; cos h; tÞ in Cubic material Gold. h = p/3, u = p/6. 
À16
On the other hand there exists the explicit formulae for the components of the solution u 3 (x, t) of (7) and (8) for the case of homogeneous isotropic solids (see Aki and Richards (1980) À sÞ
The function f(t) of the form (37) has been taken from the paper Wang and Achenbach (1994) to compare the results of our computation with the results presented in the paper Wang and Achenbach (1994) . Example 2. In this example we consider the isotropic material silica (SiO 2 ) and in Eq. (7) we take m = 1, f(t) = h(t), where h(t) is the Heaviside step function. Using our method, the values of matrices T ðmÞ, T Ã ðmÞ; DðmÞ have been found and then from the formula (24) u 1 (x, t) has been computed. On the other hand we have used the explicit formulae for the components of the solution u 1 (x, t) of (7) and (8) for the case of homogeneous isotropic solids (Aki and Richards, 1980) . From these formulae we have found the following presentations for u ffiffiffi 6 p z=4; ffiffiffi 6 p z=4; z=2; t of solutions (7) and (8) (7) and (8) for f(t) = h(t) at t = 1 for the isotropic solid silica (SiO 2 ). The line denoted by ⁄⁄⁄ represents analytical solution found by formula (40). The line denoted by --represents our method.
Example 3. In this example we consider the isotropic material silica (SiO 2 ). We take m = 1 and f(t) = d(t) in Eq. (7) The graphs of functions G 1 1 ðz; z; z; tÞ and G 1 2 ðz; z; z; tÞ for t = 1 obtained by our method and by formulae (26)- (28) (7) and (8) for f(t) = h(t) at t = 1 for the isotropic solid silica (SiO 2 ). The line denoted by ⁄⁄⁄ represents analytical solution found by formulae (41) and (42). The line denoted by --represents our method. 
Conclusion
In the paper the new method of the approximate calculation of the displacement, arising from the directional point force is general anisotropic materials, is suggested. This method consists in the following: the second order equations of elastodynamics have been written in terms of the Fourier transform with respect to the space variables as a system of the ordinary differential equations of the second order with coefficients depending on the Fourier parameters.
The solution of the obtained system has been derived by the matrix transformations and technique of the ordinary differential equations. After that, the inverse Fourier transformation has been applied numerically to this solution.
Several types of computational experiments have been done for validation of the method. The results of the calculation of the Fourier transform of the fundamental solution have been compared with the values, obtained from the explicit formulae for the isotropic material and anisotropic material of the cubic structure. The comparison has demonstrated the high level of coincidence.
The calculated values of the displacement vector have been compared with values obtained by the method of Wang and Achenbach (1994) , Payton (1983) , and with the values, derived from explicit formula for the isotropic solid Silica, derived by Aki and Richards (1980) . The comparison demonstrates the high level of co-ordination of values.
The computational examples have confirmed the robustness of the suggested method, which can be used for drawing images of the elastic wave propagations in materials with general anisotropic structures.
